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Decision trees have the particularity of being machine learning models that are visually easy to interpret and understand.
Therefore, they are primarily suited for sensitive domains like medical diagnosis, where decisions need to be explainable.
However, if used on complex problems, decision trees can become large, making them hard to grasp. In addition to this
aspect, when learning decision trees, it may be necessary to consider a broader class of constraints, such as the fact that
two variables should not be used in a single branch of the tree. This motivates the need to enforce constraints in learning
algorithms of decision trees. We propose a survey of works that attempted to solve the problem of learning decision trees
under constraints. Our contributions are fourfold. First, to the best of our knowledge, this is the irst survey that deals with
constraints on decision trees. Second, we deine a lexible taxonomy of constraints applied to decision trees and methods for
their treatment in the literature. Third, we benchmark state-of-the art depth-constrained decision tree learners with respect to
predictive accuracy and computational time. Fourth, we discuss potential future research directions that would be of interest
for researchers who wish to conduct research in this ield.
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1 INTRODUCTION

Integrating constraints in learning algorithms has shown its importance in machine learning. Real-world applica-
tions indeed require models to comply with speciied constraints and guarantees. This is even more becoming a
major issue, as machine learning models are expected to be interpretable and trustworthy1. Regularisation of
objective functions and prior beliefs [WESEL et al. 2011] in Bayesian settings are examples of means to enforce
constraints on a machine learning model. However, when constraints from diverse nature must be enforced,
incorporating them into learning algorithms remains an open issue. For example, imposing the sparsity of a
machine learning model for explainability is diferent from guaranteeing fair decisions or from ensuring privacy
for ethical purposes. Currently, mainstream algorithms often only aim at providing accurate predictions and they
are applied in ever more areas. Yet, they usually lack the ability to meet user and domain knowledge constraints,
which are left aside [Gilpin et al. 2018; Lorenzi and Filippone 2018].

Decision trees are one of the most well-known and simplest machine learning algorithms. Their representability
and their ability to produce rules with relevant attributes make them the most commonly used technique when
seeking interpretable machine learning models [Freitas 2014]. Despite their simplicity, standard decision tree

1Communication from the Commission of 8 April 2019, Building Trust in Human-Centric Artiicial Intelligence, COM(2019) 168.
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algorithms such as ID3 [Quinlan 1986], C4.5 [Quinlan 1993] and CART [Breiman et al. 1984] may produce
trees that are very diicult to understand because they may be large and complex. Moreover, learned trees may
not satisfy some desirable constraints such as being small and accurate at the same time. Pruning methods
can be applied to reduce the complexity of trees and to avoid overitting but the resulting trees can be less
accurate or can still fail to satisfy properties such as fairness or privacy desired by domain experts. If decision
trees fail to satisfy these requirements, they will likely be rejected. For example, in some critical domains such
as medicine, guarantees are indeed needed to validate a particular machine learning model (e.g., in terms of
prediction performances) and doctors may need to know and understand the logic behind the predictions to
trust and use the model [Bibal and Frénay 2016; Martens et al. 2011]. As long as domain experts are involved in
the validation loop of decision tree models, these trees will have to be neither too large nor too deep in order
to be łhumanly processable”. Therefore, in this context, imposing constraints on decision trees is required to
guarantee various aspects, which include interpretability, fairness or being reliable and trustworthy. For instance,
let us suppose that a person is willing to loan money and goes to see a bank advisor. The bank advisor will get
pieces of information to establish a proile by asking, for example, their age irst before asking whether they
earn money (and probably how much) followed by other questions. The order and the type of questions are
important, irst to make people feel comfortable in exchanging information that may be considered personal,
second, to ensure ethical safeguards such as making decisions regardless of gender, ethnicity or religious beliefs
of people. Supposing that a decision tree takes the loan decision, it must encode these constraints too in order
to mimic the behaviour of bank advisors and ultimately be accepted by them. As an illustration, works like
López-Vallverdú et al. [2012, 2007]; Núñez [1991] enforce constraints on decision trees to make them more
acceptable and comprehensible for domain experts.
What are the constraints that are applied to decision trees in the literature? What are the methods used to

constrain a decision tree to comply with the desired properties? How can constraint enforcement serve to learn
bias-free, interpretable and trustworthy decision trees? Guided by these questions, this paper presents a survey
on how the literature attempts to solve the problem of learning optimal decision trees that satisfy a set of given
constraints. Our contributions are summarised as follows: (1) to the best of our knowledge, we present the irst
survey on methods to enforce constraints on decision trees ; (2) we present a categorisation of constraints used
and a taxonomy of methods to enforce them; (3) we benchmark state-of-the-art depth-constrained decision tree
learners with respect to predictive accuracy and computational time; (4) we point out and discuss open problems
that we think are important to address and may help researchers who want to work in this domain.

Aside from this work, it is important to note that Barros et al. [2012]; Buhrman and De Wolf [2002]; Lomax and
Vadera [2013]; Safavian and Landgrebe [1991] reviews diferent decision tree learning algorithms. However, they
lack special attention to methods that learn trees with constraint enforcement, which is precisely the focus of this
work. It is not the scope of our work to present all existing tree learning methods but to review how the literature
integrates constraints in the learning process to get more trustworthy, understandable, robust decision trees.

The rest of the work is organised as follows. Section 2 introduces decision trees and motivates the importance to
integrate constraints in the learning algorithm of the decision trees. Section 3 gives a taxonomy of the constraints
and analyses previous works that try to enforce constraints on decision trees. Section 4 provides a general
overview of methods used in the literature. Section 5 discusses potentially available libraries to learn constrained
decision trees. Section 6 proposes a discussion on our view about key issues in the ield, benchmarks state-of-the-
art depth-constrained decision tree learners. Furthermore, we highlight future research directions, and more
importantly, how can we get beneit from constraint enforcement on decision trees to learn more trustworthy
models. Finally, Section 7 concludes the work.
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2 DEFINITIONS AND IMPORTANCE OF CONSTRAINT ENFORCEMENT

This section presents decision trees and discusses the beneits of constraint enforcement on them.

2.1 Decision Trees in a Nutshell

This section is inspired by the work of Safavian and Landgrebe [1991] describing the graph formalism of a
decision tree. A decision tree is a family of machine learning algorithms primarily designed for classiication
and regression, although they have also been extended to clustering [Blockeel et al. 1998]. Classiication can be
described as the task of mapping instances xi of a dataset D = {(xi,yi )}Ni=1 to label yi from a set of predeined
label {1, ...,C} [Murphy 2012]. Regression only difers from the previous description in the deinition domain of
yi , which is R. Decision trees try to learn the mapping between the diferent xi of D and their expected output yi .
xi are observations ofM random variables X1,X2, ...,XM and are usually of the form xi = (x1i ,x

2
i , ...,x

M
i ). These

random variables can be categorical, integers or real-valued.
A decision tree is encoded by a directed rooted tree structure (V, E ). V is the set of nodes that contains, the

root node r , the set of internal nodes Vint that must have at least two child nodes, and the non-empty set of leaf
nodes Vleaf. E represents the set of edges between nodes deining the hierarchy of the tree. A tree is said to be
binary (e.g., Fig. 1b) if each internal node vint and the root node r have exactly two child nodes. The depth K of a
decision tree (also called the height of the tree) is the number of edges of the longest path from the root node r to
any of leaf nodes vleaf ∈ Vleaf. The size of the tree is the number of nodes |V | and, inally, we denote the number
of leaf nodes as L. With respect to the dataset D, each node v ∈ {r } ∪Vint contains a list of attributes which are
selected for a splitting criterion when traversing this node. Each edge is labelled by a splitting rule produced by
the learning algorithm.
Splitting rules can involve one variable. In this case, the decision tree is said to be univariate. When several

variables are used at the same time on splitting rules, the decision tree is multivariate. Fig. 1a and 1b respectively
show an example of a univariate and a multivariate decision tree with splitting rules visible over the edges (e.g.,
the value of X3 is larger than 0.5).

Given an instance x ∈ D, its prediction of the tree is computed as follows: starting from the root node, a test on
one or several variables of x (e.g., X2 in Fig. 1a or X2, X4 and X5 in Fig. 1b) is performed. Depending on the result

(a) A univariate decision tree. The categorical variable X2 (pos-
sible values are in {0, 1, 2}) has been selected on the root node
while the real-valued variable X3 has been selected on the only
internal node of the tree.

(b) A multivariate decision tree. The real-valued
variables X2,X4 and X5 have been selected on the
root node while X3 and X4 have been selected on
the only internal node of the tree.

Fig. 1. Examples of univariate and multivariate decision trees. Nodes with a rectangular shape are the root node and the
internal nodes. Nodes with a rounded rectangular shape are leaf nodes.
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status_account_No <= 0.5
entropy = 0.874
samples = 670

value = [473, 197]

duration_month <= 26.5
entropy = 0.977
samples = 401

value = [236, 165]

True

other_installment_plans_None <= 0.5
entropy = 0.526
samples = 269

value = [237, 32]

False

credit_history_InBank_credit_paid <= 0.5
entropy = 0.936
samples = 301

value = [195, 106]

savings_account_Uknown/NO <= 0.5
entropy = 0.977
samples = 100

value = [41, 59]

credit_amount <= 8724.5
entropy = 0.899
samples = 276

value = [189, 87]

entropy = 0.795
samples = 25

value = [6, 19]

entropy = 0.878
samples = 269

value = [189, 80]

entropy = 0.0
samples = 7

value = [0, 7]

sex <= 0.5
entropy = 0.929

samples = 87
value = [30, 57]

entropy = 0.619
samples = 13

value = [11, 2]

age <= 29.5
entropy = 0.985

samples = 70
value = [30, 40]

entropy = 0.0
samples = 17

value = [0, 17]

entropy = 0.677
samples = 28

value = [5, 23]

entropy = 0.974
samples = 42

value = [25, 17]

entropy = 0.863
samples = 49

value = [35, 14]

age <= 30.5
entropy = 0.409
samples = 220

value = [202, 18]

entropy = 0.684
samples = 77

value = [63, 14]

entropy = 0.184
samples = 143

value = [139, 4]

Fig. 2. Example of a decision tree trained on the German credit dataset. Here, split rules are visible inside (root) internal
nodes.

of the test, one branch is followed to the next node. A new test is performed and so on until a leaf node is reached.
Each leaf node is associated with an output (e.g., "Class 1" for the leftmost leaf node of the tree in Fig. 1a).

Learning a decision tree is equivalent to learning its structure and its decision rule function (the mapping from
the domain of x to the domain of y), which is composed of splitting rules. It is possible to constrain the structure
while learning decision rules of the tree. The search space of decision trees (space of possible decision trees for the
dataset) depends therefore on both the possible structures and decision rules. By examining the complexity of this
search space, Das and Goodrich [1997] (resp. Hyail and Rivest [1976]) shows that inding the optimal decision
tree that minimises the classiication error (resp. the size of tree) is NP-complete. However, algorithms exist
to quickly compute a sub-optimal solution through heuristics. One popular method is the top-down induction
approach [Quinlan 1986]. Top-down approaches learn trees by recursively creating a split node (starting with
the root node) along with the chosen attribute that optimises a local heuristic. The splitting procedure stops
when a speciic criterion is reached (for example the fact that a node is pure, meaning that all instances of a node
have the same label) and a leaf node is created. Thus, traditional top-down approaches create trees by applying a
depth-irst search strategy with a greedy approach since the tree is built level by level.

Several algorithms exit such as ID3 [Quinlan 1986], C4.5 [Quinlan 1993] and CART [Breiman et al. 1984]. All
of them use impurity measures from information theory to evaluate the homogeneity of the empirical class
distribution when considering a splitting rule. By using this heuristic, learned greedy trees can be very accurate.
However, they might also become large and lose their generalisation capability to predict correctly new instances
(also known as overitting). To avoid that, pruning techniques [Barros et al. 2015] can be applied to ind a trade-of
between reducing the complexity of the tree and maintaining a certain level of accuracy.

2.2 On the Importance of Constraint Enforcement on Decision Trees

This section presents some challenges that motivate the enforcement of constraints on decision trees.
Constraints to Improve Interpretability

According to the previous description of traditional algorithms (top-down induction and pruning, see Section 2.1),
learned trees can be large and deep. As a result, they may lose their interpretability. Piltaver et al. [2016] concluded
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Fig. 3. Learning decision trees under constraints. The dashed arrows indicate optional constraints, while solid line arrows
indicate mandatory concepts. For example, a learning algorithm may integrate atribute-level constraints to learn a decision
tree.

that the size of the tree, the depth and the number of leaf nodes directly impact the comprehensibility of decision
trees. Thus, if it is possible to constrain a decision tree to be small, shallow (less deep) while keeping a good
level of accuracy, the learned tree would be more interpretable. The work of Bessiere et al. [2009] showed that
constraining the size of the decision tree can signiicantly improve the accuracy of traditional algorithms while
halving the size of the tree.

Constraints for Explainability and Trustworthiness

In the ield of health or banking, decision trees are widely used since people need to understand how the algorithm
has reached its decisions. In the medical domain, the expert (i.e., the doctor) validates a particular machine learning
model by comparing it with his knowledge about the domain. Here, the doctor examines the sequence of decision
rules to evaluate the comprehensibility of the decision tree. However, learned decision trees do not necessarily
do not necessarily make sense from a medical or clinical point of view, because the algorithms only consider
information that can be extracted from a medical dataset [López-Vallverdú et al. 2007]. Thus, if the rules of a
decision tree do not match the needs of experts and their knowledge, the entire tree will be rejected. However, if
decision trees are learned by considering additional domain knowledge in the form of constraints, the resulting
tree could be more trustworthy and reliable. For example, works like López-Vallverdú et al. [2012, 2007] enforce
constraints on decision trees by adding priority of relevance on attributes to make trees more comprehensible
and trustworthy for users and domain experts. Constraints for Ethical Safeguards
Recently, because of the rise of machine learning models in society, research has been conducted to promote
ethical guarantees on machine learning models. In fact, when applied in the real world, a machine learning model
must ensure fair and equitable decisions (for instance, between men and women), as well as the protection of
sensitive data information (called privacy). From the ethical point of view, using a black-box machine learning
model may be unacceptable because its decisions cannot be explained. Thus, decision trees are mainly suited for
domains like justice in order to check easily and prevent illegal decisions [Ribeiro et al. 2016a]. Figure 2 gives
an example of decision tree trained on the well-known German credit dataset. While sometimes it may make
unfair predictions between women and men to grant a credit (due to the selected feature sex), such a decision
tree could be learned and used in practice if a constraint on fairness is not enforced. However, machine learning

ACM Comput. Surv.
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Fig. 4. Sources of constraints. Three diferent sources are shown: algorithms can discover and learn constraints from a given
dataset; humans can define user constraints to the learning algorithm specific to their needs, for instance, to control the
complexity of a tree; humans can also give constraints based on their knowledge regarding a dataset within a particular
domain.

models must meet ethical requirements like fairness or even privacy and, most importantly, people must be able
to assess that the models actually meet these requirements. Thus if decision trees are learned with fairness and
privacy constraints, they will be more susceptible to be accepted in a critical domain such as justice where the
satisfaction of constraints may be more important than providing a good level of accuracy [Barredo Arrieta et al.
2020; Dziugaite et al. 2020; Ribeiro et al. 2016a]. Several works [Aghaei et al. 2019; Kamiran et al. 2010; Liu et al.
2009] attempted to impose fairness and privacy constraints on decision trees.

Constraints on Proxy Models

Similarly to the problem of understanding reasons why the decisions have been taken or to ensure some guarantees
(such as fairness or being ethically correct), decision trees can also be used to approximate black-box models (e.g.,
neural networks) such that predictions can be explained [Nanfack et al. 2021b]. This kind of explanatory model is
called a proxy model [Guidotti et al. 2018]. Without any constraints, decision trees may fail at providing clear and
understandable explanations of the target black-box model. Indeed, the structure of decision trees (described in
Section 2.1) might be too simple to approximate with enough accuracy black-box models that are more complex
(such as neural networks ) or might be too complex, resulting in trees that have lost their interpretability. Even
worse, if the black-box model embeds guarantees such as fairness, without stating them to the decision tree
algorithm, the learned tree has little chance to meet these constraints. For example, a fair neural network could
be approximated by an unfair decision tree simply because the approximation algorithm did not incorporate the
non-discrimination or fairness constraints.

3 TAXONOMY OF CONSTRAINTS

The previous section introduced decision trees and presented the importance to enforce constraints on them. This
section presents our taxonomy of constraints inspired by Nijssen and Fromont [2010] and Struyf and Džeroski
[2007] who deine respectively constraints on the structure of the tree and who deine instance-level constraints
(especially for clustering) respectively.

In our taxonomy, we distinguish three types of constraints (see Fig. 3): structure-level constraints, attribute-level
(or feature-level) constraints, and instance-level constraints. These constraints can be obtained from three sources
(see Fig. 4). First, constraints can be derived from another machine learning algorithm (for instance, a Bayesian

ACM Comput. Surv.
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Fig. 5. Structure-level constraints in decision trees. Structure-level constraints are refined into three sub-categories of
constraints that have an impact of the structure of trees. The let and right horizontal arrows mean that the constraints have
a mutual impact. For example, constraining the size of the tree limits its depth and reciprocally.

structure learning algorithm or rule learning algorithm) that we call hereafter constraint mining algorithm.
Second, constraints may also come from users, for example they may want to limit the size of the tree. The term
user constraints usually indicates in the literature that constraints do not require relevant domain expertise for
the learning task [Fromont et al. 2007; Garofalakis et al. 2000, 2003]. Third, and most importantly, constraints can
be provided by domain experts with domain knowledge (also known as background knowledge [López-Vallverdú
et al. 2012; Núñez 1991]) who can deine the constraints related to the domain with respect to the given dataset.
With this taxonomy, structure-level constraints may be set by any user to control the complexity of the decision
tree. Besides, attribute-level and instance-level constraints are more susceptible to be deined by a domain expert
or by a constraint mining algorithm. This section presents the diferent types of constraints and several works
that have studied them in the literature.

3.1 Structure-level Constraints

The structure of a tree relates to how the nodes are arranged relatively to each other (see in Section 2). Therefore,
learning decision trees with structure-level constraints means designing a learning algorithm that can ind a tree
that satisies a particular property over its structure. For example, trying to ind the optimal binary decision tree
with a depth of at most d that minimises the misclassiication can be formalised as

minimise
T ∈T

l (T ;D)

subject to depth(T ) ≤ d

binary(T ) = 1

where T denotes the set of decision trees with respect to the given dataset D, l : T ×D → R+ is a cost function
penalising misclassiication and thus is used to train a decision tree, depth : T → N is a function returning the
depth of a speciic tree and binary : T → {0, 1} tells whether a decision tree is binary or not, and d is a ixed
integer.
One of the main advantages of this type of constraint (see Fig. 5), according to Piltaver et al. [2016], is that it
directly inluences the understandability of the decision tree. In what follows, we present approaches developed
to enforce structure-level constraints in the learning algorithm and their impact on trees. Section 3.1.1 analyses
methods that enforce the size of trees as structural constraints , Section 3.1.2 discusses methods related to the
depth constraint and Section 3.1.3 details methods used to restrict the number of leaves.

ACM Comput. Surv.
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3.1.1 Size of the Tree. As deined in Section 2.1, the size of a decision tree is the number of nodes |V | of the tree
and is related to the readability of the entire tree [Piltaver et al. 2016]. Several works in the literature, presented
hereafter, attempt to impose the size constraint on decision trees. We classify them into three types of methods
(see Section 4 for a detailed discussion about optimisation methods): top-down greedy, safe enumeration and
linear (and constraint) programming methods.

Top-down Greedy Algorithms. Top-down greedy algorithms aim to optimise a local heuristic. Here, we focus
on approaches that try to learn, in a top-down fashion, trees that do not exceed a maximum number of nodes.
Quinlan and Rivest [1989] propose one of the irst works in this direction by introducing the minimum description
length (MDL). The MDL principle comes from information theory and consists in adding a prior to the optimal
tree formulation so as to have the maximum a posteriori (MAP) tree. This prior represents the belief of the length
of encoding the tree. Since learning the exact MAP is NP-Complete, they propose an approximation based on a
greedy top-down method. One might think naively that it could be suicient to learn a complex (accurate) tree
and then prune it to satisfy the size constraint. In constrast to this approach, Garofalakis et al. [2000] introduces a
tree algorithm that pushes the size constraint into the building phase of the tree. The algorithm estimates a lower
bound of the inaccuracy when deciding to split on a node using a top-down fashion. Interestingly, this algorithm
can ind an optimal tree given a maximum number of nodes, or the other way around: given an accuracy, ind the
smallest tree. The minimum accuracy or the maximum size has to be deined by users.
Several works have also proposed to enforce the size constraint on decision trees used as proxy models.

Proxy models [Gilpin et al. 2018] are machine learning models that are used for approximating and explaining
predictions of black-box models (for instance an SVM, a neural network or a random forest). An early work is
TREPAN [Craven and Shavlik 1995], which tries to approximate a neural network by a decision tree. To control
the comprehensibility of the tree, TREPAN can accept a constraint on the number of internal nodes. Also, the
learned rules arem − o f − n rules which are chosen to maximise the information gain ratio of C4.5. Boz [2002]
uses genetic algorithms to ind interesting inputs of the neural network considered as a black-box classiier,
and thereafter learn decision trees via a C4.5-like algorithm. Controlled by the user, the size of the inal tree is
enforced using post pruning. Yang et al. [2018] recently proposed GIRP (global model interpretation via recursive
partitioning). GIRP also uses a CART-like algorithm to learn binary decision trees through a contribution matrix
which represents the contribution of input variables [Choi et al. 2016; Ribeiro et al. 2016b] of a black-box machine
learning model. To control the size of the tree, authors use a pruning mechanism that adds the size of the tree as
a penalising term to the average gain of the tree.
In summary, top-down greedy algorithms that aim to learn decision trees under a size constraint have the

advantage to leverage well-known pruning methods and ultimately learn decision trees that meet the size
constraint (even if they may grow large at irst). Proxy models often apply these top-down greedy approaches to
control the size of the tree in order to learn clearer explanations of a black-box machine learning model. However,
despite the ease of designing a top-down algorithm, these works sufer from the potential sub-optimality of the
solution, which is inherently due to the usage of a (local) heuristic.

Safe Enumeration Methods. Safe enumeration methods are designed to enumerate all (or a subset of) possible
trees by identifying possible splitting rules with a speciic attention to complexity. This allows the exploration of
richer trees in terms of accuracy or constraints.
In this direction, Bennett and Blue [1996] propose an algorithm, called global tree optimisation, which uses

multivariate splits and models decision tree encoding as disjunctive inequalities with a ixed structure. By showing
that they can use various types of objective functions, they present a search method (called extreme point tabu
search) based on tabu search [Glover and Laguna 1998] (a heuristic method that uses a local search over the
search-space by checking the immediate neighbors of a solution) to heuristically ind a good solution. They also
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showed that it is possible to solve the problem with the Frank Wolfe algorithm and the Simplex method. While
the former has the disadvantage of getting stuck into local optima, the latter is costly in terms of computations.

Garofalakis et al. [2003] propose another approach to add knowledge constraints (size of the tree, inaccuracy
cost) into the learning phase based on a branch-and-bound algorithm. The authors also use a dynamic program-
ming algorithm whose goal is to prune an accurate and large tree such that it will satisfy the constraints (size
constraint). Struyf and Džeroski [2006] extend previous pruning methods to learn multi-objective regression
trees with size and accuracy constraints. Fromont et al. [2007] use the analogy of itemset mining to learn decision
trees with constraints (size of the tree, errors of the tree, syntactic constraints i.e., the way attributes are ordered).
They proposed two methods: CLUS, which is a greedy method and CLUS-EX, which is based on an exhaustive
search that enumerates possibilities expecting that user constraints are restrictive enough to limit the search
space. Nijssen and Fromont [2007] present an algorithm called DL8 for optimal decision trees using dynamic
programming. A more general framework [Nijssen and Fromont 2010] is given later by the same authors which
uses an itemset mining approach to learn decision trees for various types of structure-level constraints (size of the
tree, number of leaf nodes, etc.) and data level constraints (see Section 3.3). Also based on dynamic programming,
this extended version of DL8 needs enough memory to encapsulate all the lattices of variables.

This section focused on methods that aim at enumerating all (or a subset of) possible trees in order to enforce
the size constraint. If these methods have the advantage of learning an optimal solution in certain circumstances,
they can become costly to use. In particular, when there is a large and/or complex space of possible trees (e.g.,
when the number of features is important), these methods can fail to provide a solution under a reasonable time.

Linear, SAT and Constraint Programming Formulations. Instead of safely enumerating consistent trees, other
methods prefer to formalise the tree encoding in terms of variables and constraints and use a solver to get
an optimal tree which satisies ixed or bounded structures in term of their characteristics (for example, ixed
number of nodes and/or leaves). Bessiere et al. [2009] propose a method to ind decision trees with minimum size
using constraint programming and integer linear programming (ILP). By presenting a SAT-based encoding of a
decision tree, they express all constraints that need to be satisied by a decision tree. Translating the problem
using linear constraints and integer variables makes it possible to use ILP to explore richer and smaller trees.
However, computational time remains high. To speed up the search, Narodytska et al. [2018] propose another
SAT-based encoding for optimal decision trees based on tree size. The heart of their method is to consider a
perfect (error-free) binary classiication where the selected features on nodes and the valid tree topology are
modelled with SAT formulae. They search for the smallest decision tree considering that it must perfectly classify
examples in the dataset.

Again, the above methods seek optimal solutions, however, depending on the chosen formalisation, diferent
types of solvers have to be used. SAT solvers may be very eicient but are limited to propositional formulae,
while CP solvers can handle more complex problems but have diiculty to scale to large search spaces.

Summary About The Tree Size Constraint. To conclude, constraining the size of trees helps to control their
complexity, making them more easily understandable and readable. This problem of retrieving decision trees
optimised with respect to their size and accuracy has been vastly explored using local search through heuristics,
enumeration and constraint programming approaches. To efectively control the size of the tree, the last two
approaches generally assume trees to be binary, even for non-binary categorical variables. This assumption
allows to highly reduce the search space. However, top-down greedy approaches do not need this assumption.

3.1.2 Depth of the Tree. The depth constraint is important to control overitting but also the comprehensibility
of decision trees. It usually takes the form of learning a decision tree with a given maximum depth.

Top-down greedy Methods. Diverse algorithms have been proposed to learn interpretable and proxy decision
trees under depth constraints. Trying to approximate a neural network, Zilke et al. [2016] propose a constrained
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and more elaborated version of CRED [Sato and Tsukimoto 2001] (a method that learns decision trees to interpret
predictions of a decomposed neural network into hidden units). This version extracts rules for each hidden unit
and approximates these local decisions by a decision tree with a depth K ≤ 10 using a modiied version of C4.5.

Safe Enumeration Methods. Enumeration-based methods have been proposed also to learn optimal trees (in
terms of classiication error). For example, the T2 [Auer et al. 1995] and T3 [Tjortjis and Keane 2002] algorithms
respectively ind optimal trees with a maximum depth to 2 and 3 using a careful exhaustive search based on
agnostic learning. Authors of T2 are one of the rare authors who proposed a constraint-based tree learning
algorithms and to theoretically analyse the computational time complexity and the guarantees of the learning
algorithm. T3C [Tzirakis and Tjortjis 2017] is an improved version, which changes the way T3 splits continuous
attributes to four decision rules.
In order to enforce the depth constraint in DL8 (presented in Section 3.1.1), Aglin et al. [2020a] introduces

DL8.5. This algorithm uses a branch-and-bound search with caching in order to safely enumerate trees under the
depth constraint. However, unlike DL8, DL8.5 cannot enforce test cost constraints [Nijssen and Fromont 2010].

Linear, SAT, Constraint Programming Methods. For seeking richer and more accurate trees, Verwer and Zhang
[2017] present a formulation of the optimal decision tree given a speciic depth (i.e., depth constraint) as an
integer linear program. By creating variables that link training instances to their leaf nodes, authors are able to
formalise, in terms of linear constraints, notions that include, but are not limited to, the selection of features over
internal nodes and splitting rules. Furthermore, using this formulation, a tree learned by existing algorithms
such as CART can be used as a starting solution for the mixed integer programming (MIP) problem. Authors
used CPLEX as a MIP solver. In a more general framework, Bertsimas and Dunn [2017] give a new formulation
of optimal classiication decision trees (called OCT) as a MIP problem. Authors also propose an adaptation to
overcome the problem of multivariate splits. They deine ancestors of nodes and divide them into two categories:
left and right ones. Only considering left ones helped authors to formalise decision rules and break a symmetry.
They speciied all the tree consistency constraints as linear constraints which can be pushed to the CPLEX solver
to get the optimal tree. Author claimed to outperform greedy top-down methods, yet there is a need to start
with an ”acceptable good” solution to reduce computation time. To overcome the computational time problem
of OCT, Firat et al. [2020] propose an ILP formulation based on paths for trees with a ixed depth. While using
column generation methods or variable pricing with CART to speed up the computations, their formulation
allows deining lexible objectives coupled with a regularisation term based on the number of leaf nodes. Aghaei
et al. [2021] translated the OCT model into a maximum low problem, which is optimised with a MIP solver.
Although this maximum low formulation accelerates the optimisation, it only works with binary features and
classes, unlike the general OCT.

Instead of making computations faster by looking for a warm-start solution, Verwer and Zhang [2019] propose
an algorithm that inds an encoding whose number of decision variables is independent of the size of the dataset.
This allows them to introduce a new binary linear program to ind optimal decision trees given a ixed depth.
Verhaeghe et al. [2019] rather prefer a Constraint Programming (CP) modelling inspired by the link on itemset
mining of DL8 [Nijssen and Fromont 2010].
After noting that the SAT-based encoding of Narodytska et al. [2018] (see Section 3.1.1) was only applicable

to the size-constraint, Avellaneda [2020] have proposed a novel SAT-based encoding of the depth-constrained
optimal decision tree that does not only minimise the classiication error, but also the depth for error-free
classiication. In addition, this improved version incrementally adds data-related literals and clauses to reduce the
computational time and memory requirement. Later, Hu et al. [2020] introduces a MaxSAT version of Narodytska
et al. [2018] that integrates depth and size constraints to speed up computations using the Loandra state-of-the-art
MaxSAT solver.
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Summary About The Depth Constraint. In conclusion, methods to learn decision trees under depth constraints
are generally based on enumerations, linear programming, and constraint programming. Their goal is primarily to
learn more accurate and most importantly accelerate computations to reach optimal depth-constrained decision
trees. Because these method control the depth of decision trees, they prefer to learn shallow trees (trees with small
depth) [Bertsimas and Dunn 2017; Firat et al. 2020] to improve accuracy and interpretability as well. Nevertheless,
particular attention was paid to the scalability of these methods, in particular the over-simplicity of learned trees
that we discuss later in this paper (see Section 6).

3.1.3 Number of Leaf Nodes. The number of leaf nodes is an important factor for the summary of the decision
rules and also to limit the growth of the tree which in turn can be important when trying to understand how
the model predicts a particular class [Piltaver et al. 2016]. In the case of binary trees, the number of leaf nodes L
is linked to the size of the tree |V | by the formula |V | = 2L − 1. In other general cases, there is no such explicit
formula. However, in this equality, L and |V | do not relate to the same aspects of the explainability of decision
trees. The size of the tree is related to the readability of the tree while the number of leaf nodes is essential for the
comprehensibility of the predictions of a given class. Very few studies have focused their interest on constraining
the number of leaf nodes.

By drawing inspiration from the work of [Angelino et al. 2018] on optimal rule lists, [Hu et al. 2019] propose
optimal sparse decision trees (OSDT) that uses a branch-and-bound search for binary classiication. Analytic
bounds are used to prune the search space while the number of leaves is constrained using a regularised loss
function that balances accuracy and the number of leaves. Thanks to the use of a structural empirical minimisation
scheme and analytic bounds, OSDT and its extended version called GOSDT [Lin et al. 2020] learn eiciently trees
whose structures are very sparse and therefore likely to generalise well.

Just as linear and constraint programming formulations are used to learn decision trees under size and depth
constraints, they can also be used to learn decision trees with a given maximum number of leaf nodes. Namely, to
overcome the problem of computation time of MIP solvers in Bertsimas and Dunn [2017], the work of Menickelly
et al. [2016] proposes another formulation of decision trees for binary classiication as integer programming
problem with a predeined size adjusted by the number of leaf nodes. After creating variables that are directly
linked to internal nodes, leaf nodes, and attributes, they encode the tree by imposing constraints on these variables.
Authors have pushed those constraints into the CPLEX solver with a predeined topology (structure) and they
chose the best topology through cross-validation. Their method inds the optimal solution but is limited to binary
trees with categorical variables only.

In a completely diferent way, the work of Nijssen [2008] extends previous works on DL8 algorithm [Nijssen
and Fromont 2007] in a Bayesian setting. It proposes a MAP formulation of the optimal decision tree problem
under soft constraints (i.e, constraints that might be violated) on the maximum number of leaf nodes. Based on
the link between itemsets and decision trees, the algorithm can ind predictions using a single optimal tree or
Bayesian predictions for several trees. To incorporate the constraints on the number of leaf nodes (although
other types of constraints may be targeted), Chipman et al. [1998] present a Bayesian approach to learn decision
trees. Their main contribution is to propose a prior over the structure of the tree and a stochastic search of the
posterior to explore the search space and therefore ind some łacceptable” good trees. The search consists in
building a Markov Chain of trees by the Metropolis-Hasting algorithm considering the transitions: grow (i.e.,
split a terminal node), prune (i.e., choose a parent of terminal node and prune it), change (i.e., change the splitting
rule of an internal node), and swap (i.e., swap splitting rules of parent-child pair), all randomly. To circumvent the
local optima of the previous Bayesian formulation, Angelopoulos and Cussens [2005b] exploit stochastic logic
programming (SLP) to integrate informative priors (that try to penalise unlikely transitions). They also extend
this to a tempere version, which improves the convergence and predictive accuracy [Angelopoulos and Cussens
2005a]. However, even though their posterior predictive performs usually well, when selecting a single tree as
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the mode of their Bayesian formulation, this tree is less accurate than the one learned by greedy algorithms.
To interpret Bayesian tree ensembles, inspired by the Bayesian formulation of Chipman et al. [1998], Schetinin
et al. [2007] propose a new probabilistic interpretation of Bayesian decision trees, whose goal is to ind the most
conident tree within the ensemble of Bayesian trees.
In conclusion, the works that deal with the constraints on the number of leaf nodes are generally based on

a probabilistic formulation of decision trees. Bayesian learning seems to be suitable for this kind of constraint.
However, the challenge is to efectively model the learning of the structure and the selection of rules of the
decision tree. Mentioned works [Chipman et al. 1998; Schetinin et al. 2007] learn trees using stochastic search.
While having the advantage of integrating constraints in a rigorous and clear mathematical manner with priors,
Bayesian formulations of decision trees are also computationally expensive when implemented (see Section 4.4
for more details).

3.1.4 Summary and Discussion about Structure-level Constraints. To sum up, the presented works focus on
making decision trees more readable by constraining trees to be small, or limiting the number of decision rules or
the number of attributes to take into account in the decision tree, since it is related to the abstraction capabilities
of human beings. Also, since structural characteristics of the tree are linked to each other, setting one aspect
constrains the others, but they all have diferent impacts on the interpretability of decision trees. If the size
controls the readability of the tree, the depth deines how easy the interpretability of a prediction can be, and the
number of leaf nodes gives an idea of how understandable the prediction among a particular class is. Presented
works that take into account these constraints try to ind optimal solutions, while others leverage heuristic-based
approaches to either explore richer trees or to learn more accurate ones compared to traditional methods. Besides,
works in the direction of proxy models for black-box classiiers consider the structural constraints to make sure
that the resulting tree will be easily understandable.

Nevertheless, the tree balance constraint (also depending on the branching factor of the tree) is understudied
in the literature, despite its impact on the readability and therefore the comprehensibility of decision trees. Also,
the majority of the works on structure-level constraints assume that decision trees are binary to better handle
the number of leaf nodes and the sizes. This assumption is severely lacking in lexibility. In some cases, for the
sake of interpretability, it would be useful to have nodes with more than two child nodes. For example, if a
categorical variable like the number of doors of a car has 3 values (namely 2, 4 and 6); it may be important, for
comprehensibility purpose, not to transform this variable into 2 binary variables so that the knowledge "number
of doors" appears only once in a branch of the tree. Additionally, another generally common assumption is
that shallow trees (i.e., trees with small depth) and small trees (small size) enhance the interpretability and the
comprehensibility. This question requires further study because, actually, in certain domains such as health care,
a decision tree with a maximum depth of two like in Bertsimas and Dunn [2017]; Tjortjis and Keane [2002] could
not be comprehensible by experts [Freitas 2014; López-Vallverdú et al. 2007]. Indeed, rules may be too simple
to it domain-expert requirements. To overcome this problem, it may be necessary to add human and expert
knowledge as constraints when learning decision trees.

3.2 Atribute-level Constraints

Attribute-level constraints are deined as properties over the features of the dataset. Therefore, they are directly
linked to the rules and the parameters of the tree since the rules, coupled with the structure, can be considered
as the parameters learned by a decision tree algorithm (see Section 2). These constraints are more likely to
come from an expert or a constraint mining algorithm. Most of the works on attribute-level constraints study
monotonicity, attribute costs, hierarchies constraints including interactions between multiple features, privacy,
and fairness (see Fig. 6).
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Fig. 6. Atribute-level constraints in decision trees. The top-down arrow shows the diferent sub-categories of constraints of
atribute-level constraints.

3.2.1 Monotonicity Constraints. Monotonicity constraints are related to attributes that evolve in the same
direction as the output variable. More formally, it is deined in Pei et al. [2016] as follows: given a set of attributes
A = {X1, ...,XM}, one of its subset B = {Xk, ...,Xl} with 1 ≤ k ≤ l ≤ m, the decision rule TX of a tree T is
monotonically consistent in terms of B ⊆ A, in a set U of examples drawn from the dataset D if

∀xi , xj ∈ U , xi ⪯B xj =⇒ TX (xi ) ≤ TX (xj )

where ⪯B deines a partial relation order on the instances regarding the subset of attributes B.
For instance, let us suppose a dataset for a loan credit classiication problem where the decision is whether

to grant a credit or not. One would like the decision rule of the learned tree to be monotonically consistent in
terms of the income on the entire dataset (in this context: U is the entire dataset, A is the set of attributes of the
dataset and B is the singleton of the income attribute). It is important to note that a monotonicity constraint is
an attribute-level constraint: it is not targeted to speciic instances but rather on particular attributes.
Classiication with monotonicity constraints is an important and well-studied problem since monotonicity

improves the comprehensibility of classiiers like decision trees and therefore increase the acceptability of a
classiier in certain applications [Freitas 2014].
Studies have been done to enforce monotonicity constraints on decision trees. Potharst and Feelders [2002]

proposed a survey about decision tree methods and this type of constraint. A particular method is from Ben-David
[1995], who designed a metric that can take into account the monotonicity constraint without loss of accuracy.
This score, called the total ambiguity score, has two components. The irst component is a non-monotonicity
score based on a matrix representing a non-monotonicity constraint over branches of the trees. The second
component is the ID3 score based on information theory. The total ambiguity score allows Ben-David [1995]
to make a trade-of between the accuracy given by ID3 and the non-monotonicity score. In this direction of
a score-based constraint enforcement, Marsala and Petturiti [2015] proposed three measures using the notion
of dominance rough set to integrate monotonicity constraints. These three discrimination measures can show
the discrepancy of the monotonicity of a speciic attribute variable from his class attribute. They come from a
version of mutual information adapted for ranking in the context of ordinal classiication [Hu et al. 2010]. In the
same line, to take into account monotonicity constraints, Hu et al. [2012] developed the rank entropy, which
is still based on dominance rough sets but performs better than the rank mutual information. Note that these
score-based monotonicity techniques allow learning decision trees greedily in a top-down fashion.

Feelders and Pardoel [2003] rely on pruning methods to learn decision trees on monotone and non-monotone
datasets. They develop several ixing methods that aim to make monotone sub-trees using overitted trees. They
also show how these ixing methods could be combined with existing cost-complexity pruning methods. Similar
work is done in Cardoso and Sousa [2010], where a relabelling technique (class assignment step) enforces the
monotonicity of the tree after a tree has been learned from a greedy algorithm such as C4.5. In the same logic,
Kamp et al. [2009] propose to relabel non-monotone leaf nodes, then prune the learned tree using properties of
isotonic functions, so that the inal tree will satisfy monotonicity constraints.
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Briely, monotonicity constraints can improve the comprehensibility of decision trees [Freitas 2014]. Most of
the works that learn trees under the monotonic constraints introduce a monotonicity score in order to make a
heuristic (such as Gini or entropy) able to detect non-monotonicity. Other studies use post-pruning methods to
force trees to satisfy this type of constraint. However, it remains diicult to learn accurate decision trees while
satisfying the monotonicity constraint.

3.2.2 Atribute Costs. Cost constraints for attributes are related to the more general topic of cost-sensitive
decision trees. The motivation of this ield is essentially based the medical domain in which doctors have to make
an appropriate diagnostic by taking into account economic constraints to make patient pass tests. The aim of
cost-sensitive decision trees [Lomax and Vadera 2013] is to learn decision trees with a good trade-of between the
misclassiication error/cost and the sum of the cost of attributes that can be expressed as constraints. Lomax and
Vadera [2013] categorise methods into greedy and non-greedy methods. Greedy methods can use the cost during
the tree learning by modifying heuristics [Davis et al. 2006; Freitas et al. 2007; Li et al. 2015; Ling et al. 2004;
Norton 1989; Núñez 1991; Pazzani et al. 1994; Tan 1993; Wang et al. 2018] or by post-pruning [Ferri et al. 2002;
Pazzani et al. 1994], which necessitate relabelling techniques. Non-greedy methods are usually based on genetic
algorithms [Krętowski and Grześ 2006; Omielan and Vadera 2012; Turney 1995], wrapper methods [Estruch et al.
2002] and stochastic search methods [Esmeir and Markovitch 2004, 2006].

Enforcing cost constraints on decision trees makes them more natural, reliable for practical applications [Qiu
et al. 2017], such as loan credits in inance or medical diagnoses in the health domain.

3.2.3 Hierarchy and Feature Interaction. The concept of hierarchy deines an ordering between variables selected
on a decision tree. It is also mentioned in Fromont et al. [2007] as syntactic constraints and in [Nijssen and
Fromont 2007] as path constraints. Hence, it is expressed as an attribute that must be selected before another one
over a branch or even over the entire decision tree. Some domain knowledge can refer to such kind of preferences
where some attributes should be tested before others hence afecting the hierarchy to be learned. For instance, in
the medical domain, doctors might want to perform temperature checks or blood checks before going after more
advanced tests. As a result, it makes the decision tree more reliable and more comprehensible for domain experts.
Núñez [1991] was one of the irst works in this direction (because the issue was presented just a few years

after ID3 and CART was introduced to the community). The purpose is to make decision trees more compliant
with background knowledge using ISA (Is A) relationships. ISA relationships represent a hierarchy relationship
between two attributes: one that belongs to the concept of the other (for example, an amphibian is a vertebrate).
Núñez [1991] introduces a cost-sensitive measure that incorporates ISA relationships between variables to make
the tree more comprehensible from a user perspective. Using this measure, Núñez [1991] can also integrate
attribute costs and learn decision trees in an ID3 fashion.

López-Vallverdú et al. [2007] rather suggest to modify the list of available attributes at a given node of the tree
during learning. This list comes from the pairwise relationship of attributes given by the expert. Iqbal et al. [2012]
propose another way of integrating feature importance in the heuristic. They propose a score that estimates the
probability for a feature to inluence the target variable. Moreover, their method employs a top-down fashion.
Since, this score decreases when the number of instances increases, domain knowledge in the form of feature
importance becomes dominant at the bottom of the tree, thus improving its performance.

In the same vein, to improve medical decisions, works of Torres et al. [2011] and López-Vallverdú et al. [2012]
present a formalism to express background knowledge using health-care criteria. They propose a novel algorithm
to learn more comprehensible trees using a formalism based on priority and relevance of features.
Another domain for which attribute-level constraints have shown to be important is intrusion detection. An

intrusion detection system aims at detecting malicious activities in a computer network. There are two main
methods used in this domain: anomaly detection and signature-based detection. While anomaly detection tries
to discover patterns of sequences that lead to intrusions, signature-based methods have already probed the
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network and know which patterns lead to intrusions. Kruegel and Toth [2003] propose to learn signature rules
through clustering and use these rules as constraints to learn more interesting rules by a decision tree. It is a
signature-based detection. They learn decision trees in a top-down fashion using a modiied version of entropy
that takes into account the signature rules.
Imposing learned trees to be multivariate allows mixing decision trees with other classiication algorithms.

While Bennett and Mangasarian [1992] use MIP to ind multivariate splits, Bennett and Blue [1998] formulate the
multivariate tree learning problem given a number of nodes as learning decision boundaries of SVMs. Furthermore,
they show that this approach can be extended with kernel tricks to multivariate linear, nonlinear, polynomial
decisions and even neural networks with sigmoid functions. For another purpose, to circumvent the multi-class
problem of SVM, Madzarov et al. [2009] propose to learn a decision tree along with SVMs as a splitting criterion,
but their algorithm follows a clustering-based method to ind the two classes whose instances are very far from
each other. Then an SVM is learned inside an internal node considering these classes.
As a summary, imposing a speciic hierarchy and feature interaction on decision trees can improve the

comprehensibility and the trustworthiness of the tree. This usually requires additional knowledge either from
experts or from amining algorithm. Theworks presented here are usually applied in areas where comprehensibility
may be more important than accurate predictions, for instance in the medical ield. Besides, enforcing feature
interactions leads to an improvement in the accuracy of predictions.

3.2.4 Privacy Constraints. In the context of either vertically distributed datasets (among diferent sources) or
datasets with private sensitive features, it is essential to incorporate privacy constraints in the formulation of
the decision tree learning problem. Privacy constraints guarantee that the learning algorithm may not access,
discover, or use sensitive information to learn or predict [Vaghashia and Ganatra 2015]. Hence, it is related to
both computer security and machine learning.

Various algorithms have been proposed in the literature for privacy constraints in machine learning. Du and
Zhan [2002] propose a method to compute an impurity measure from two vertical/horizontal partitions of datasets
using an untrusted third party. In the logic of horizontal partitioning data with privacy constraints, Gangrade and
Patel [2012] propose a secure protocol with another untrusted third-party to learn decision trees on horizontal
partitions of the dataset. In the setting of federated learning, Li et al. [2020a] propose a framework to learn
decision trees and gradient boosting trees using hashing. Interestingly, they prove that their framework satisies
the privacy model. While Vaidya et al. [2008] and Gangrade and Patel [2009] present a modiied version of ID3
and C4.5 respectively with a secure channel to exchange sensitive attributes, Matwin et al. [2005] prefer early
stopping and pruning methods to check the satisiability of privacy constraints during the tree learning process.
On the other hand, Friedman et al. [2006] propose the integration of the k-anonymisation [Sweeney 2002] (a
process to obtain an anonymous dataset while maintaining the usefulness of the data) method into the learning
process of the decision tree. Teng and Du [2007] come with a hybrid approach that uses both k-anonymisation
and secure multiple channels. Alternatively, Zaman et al. [2016] propose a method that generalises values of
sensitive attributes to anonymise the dataset. After proposing a new perturbation method of the training data,
Liu et al. [2009] present a modiied version of C4.5 based on a new estimation of information gain with noisy
perturbed data. However, this version of C4.5 results in loss of performance. To address the issue of possible loss
of performance, Li et al. [2020b] introduce two algorithms based on diferential privacy to guarantee privacy on
decision trees and gradient boosting trees.
Learning decision trees under privacy constraints becomes an issue as soon as preserving both the privacy

and the comprehensibility of the tree is needed. Several works have been proposed to tackle this problem but, in
certain cases, at the cost of sacriicing the comprehensibility of the tree. Aside from secure multi-channel and
anonymisation methods, works in the sense of applying perturbations with random noise, and most importantly
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diferential privacy [Friedman and Schuster 2010], seem increasingly promising. The reason is that these directions
propose a rigorous mathematical way to tackle privacy constraints without focusing on security aspects.

3.2.5 Fairness Constraint. Another constraint that can be considered as an attribute-level constraint is the
fairness constraint because it is related to a sensitive attribute. However, actually, it is in-between attribute-level
and instance-level (see Section 3.3) constraints. The fairness constraint ensures that the probabilities of correctly
classifying instances from diferent groups according to a sensitive attribute should be almost equal. A decision
tree T is said to be formally fair in expectation [Fitzsimons et al. 2019], for two groups of instances A,B ⊆ D, if
its decision rule TX veriies

E[TX (xa ) |xa ∈ A] − E[TX (xb ) |xb ∈ B] = 0.

In this case, the fair decision tree does not discriminate against a particular group (e.g, female vs. male for the sex
attribute).

With the hypothesis that discrimination could not be justiied in the task (that the tree is learning to perform),
Kamiran et al. [2010] propose two methods to learn fair decision trees. The irst one uses a modiied version of
information gain that incorporates the inluence of a split on the discrimination. The second one is a relabelling
technique that minimises the discrimination of a learned decision tree using the empirical joint distribution
between the sensitive attribute and the class attribute on all the leaf nodes. Recently, in the same direction, Raf
et al. [2018] adapted the learning algorithm of a C4.5 decision tree to comply with fairness constraints. They
proposed two measures for fairness in the case of either categorical sensitive feature or continuous one and a
new fair heuristic gain measure. Using linear constraints, Aghaei et al. [2019] proposed a general framework that
encapsulates the learning problem of optimal fair decision trees through MIP. With their formulation, they can
use it for both classiication and regression. They integrate the fairness constraint as a regularisation term on the
misclassiication error or mean absolute error. However, this optimal formulation needs hours to provide good
results, unlike the heuristic-based method of Raf et al. [2018].

3.2.6 Summary andDiscussion About Atribute-level Constraints. To summarise, we have sub-categorised attribute-
level constraints into monotonicity constraints, cost of attributes, hierarchies, privacy constraints or fairness
constraints. Monotonicity constraints may be useful to learn trees that can be more interpretable and trustworthy
[You et al. 2017]. Diverse works constrain the decision tree to be monotone by rewriting heuristics of traditional
algorithms as measures that incorporate the monotonicity constraints [Hu et al. 2012, 2010; Marsala and Petturiti
2015; Pei et al. 2016]. Other prefer using a post-pruning method to enforce the monotonicity.
Hierarchy, feature interaction, and attribute cost constraints are well studied because of their necessity in

real-world applications. While the two irst constraints have the advantage of being deined by domain experts
or by a constraint mining algorithm [Iqbal et al. 2012], the problem of enforcing attribute cost constraints is
much more studied due to existing datasets (notably cost-sensitive datasets in the health care domain presented
in Kachuee et al. [2019]; Turney [1995]) on cost-sensitive classiication.
Privacy constraints aim at preventing attacks (e.g., to discover sensitive information) over instances and

are generally considered for security purposes. Thus, works in this ield can be seen in the pure security
formulations with secure channels, perturbations, anonymisation [Fletcher and Islam 2019] and most importantly
in mathematical formulations with diferential privacy whose purpose is to guarantee that computations are
invariant to (noisy) perturbations over data [Friedman and Schuster 2010]. The main diiculty here is to guarantee
the balance between accuracy, privacy requirements, and interpretability of the decision tree. For example, inding
an optimal depth while satisfying the diferential privacy constraint is still an open issue [Fletcher and Islam
2019].
Finally, fairness constraints that act as non-discrimination constraints are widely understudied for decision

trees, while being of particular interest in machine learning recently. In fact, very few works exist [Kamiran et al.
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Fig. 7. Instance-level constraints in decision trees

2010; Raf et al. 2018] even though diverse mechanisms in machine learning have been proposed [Zafar et al.
2017]. This is because standard decision tree algorithms do not optimise directly a global objective and thus it is
quite diicult to apply these methods to learn discrimination-aware decision trees. That is why learning fairer
decision trees could be easily handled with constraint programming methods that optimise explicitly a global
objective function, as proposed in Aghaei et al. [2019].

3.3 Instance-level Constraints

Instance-level constraints (see Fig. 7) are speciied on some particular instances of the dataset. For example one
can specify that certain examples may never be misclassiied. Another example of such constraints is related to
clustering and thus clustering trees: instance-level constraints, such as must link or cannot link [Wagstaf et al.
2001], which specify that some examples must belong to the same class or must belong to diferent classes.

3.3.1 Must (or Cannot) Link, Partitions and Robust Predictions for Certain Instances. The must-link and cannot-
link constraints are popular in clustering. Since decision trees are mainly used for classiication and regression,
these constraints are not widely studied in the decision tree literature. Struyf and Džeroski [2007] propose an
algorithm called ClusILC, which learns clustering trees by integrating domain knowledge in terms of instance-
level constraints (must-link or cannot-link). These constraints are treated as soft constraints since some of them
can be violated. The authors also present a global heuristic that is decomposed by the average variance of the
leaves nodes normalised by the total variance and the percentage of violated constraints. Therefore, they propose
a greedy hill-climbing algorithm whose goal is to learn clustering trees by maximising this heuristic.

In another direction, one can specify constraints on measures (for example information gain) directly linked to
instances. This is the case for Sethi and Sarvarayudu [1982], who propose an algorithm that learns top-down
induction trees for classiication by using the average information gain on the tree. The algorithm attempts to
ind the best splitting values of features in nodes. It is a recursive partitioning algorithm, which aims to maximise
the average mutual information gain of the tree, given a probability of error that integrates a belief on instances
that may be misclassiied.
To deal with the problem of scalability, Gehrke et al. [1999] present BOAT, a method that learns trees on a

subset of the dataset in order to make the learning process of decision trees faster in the case of large datasets.
Tolomei et al. [2017] leverage data-level constraints on learned decision trees in order to explain random forests.

Although adversarial examples applied on decision trees are very understudied in the literature, decision trees
have shown to be naturally sensitive to adversarial examples [Chen et al. 2019; Cheng et al. 2019; Kantchelian
et al. 2016; Papernot et al. 2016]. To overcome this problem, Chen et al. [2019] proposes a robust version of
information gain that can serve to improve the robustness of decision trees learned in a greedy top-down fashion.
Calzavara et al. [2020] rather optimise an evasion-aware loss function as the heuristic and Calzavara et al. [2019]
show how to extend adversarial training for decision trees and gradient boosting trees.
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3.3.2 Summary About Instance-level Constraints. In summary, it is possible to integrate domain knowledge
through data-level instance constraints. But methods dealing with this type of constraints are very limited
because they require external information (usually from domain experts) on instances to integrate them into
the learning algorithm of the tree. The presented methods deal with the problem of learning on partitioning
and sampling data, must-link and cannot-link constraints, adversarial examples, and instances that must be
well-classiied. While the irst kind of constraint aims to speed up the learning of the tree, the others contribute
to learning trustworthy decision trees. A particular attention is given to the robustness of decision trees to
adversarial noise. In fact, the works tackling this issue might be limited because, if the rules of the decision trees
are known, it is easy to generate adversarial examples. However, considering so-called white-box attacks, it
should be interesting to learn more robust decision trees and the question becomes more challenging for the case
of black-box and transferable attacks [Papernot et al. 2016] (i.e, adversarial examples generated from a particular
classiier and which can be applied to another one).

3.4 Summary over the Taxonomy

We have presented a taxonomy of constraints (tree structure, attribute, and instance-levels) that may be important
when designing eicient learning algorithms requiring the learned decision trees to satisfy explicitly formulated
constraints. These levels seem orthogonal at irst, sometimes constraining the structure of trees, sometimes
ensuring high-level considerations such as data privacy. Structure-level constraints are mainly used to control the
complexity of the model and might be set by the user. Attribute-level constraints and instance-level constraints
require more expertise to be deined. Hence, there is often a need for an expert or a constraint mining algorithm
to deine them. The advantage of these types of constraints is their ability to produce trustworthy decision trees,
and thus enforce the interpretability of the resulting tree. Although they apply on various aspects of the learning
algorithm, it is possible to mix all these types of constraints in a framework to have a human-oriented optimal
tree that satisies those constraints. In addition, a constraint on a measure (for instance information gain must
be less than a threshold) can be seen as a mixture of attribute, instance-level or structure-level constraints. As
another example, imposing that the number of instances inside a leaf node is more than a ixed number (which is
a very useful constraint to reduce overitting) can be seen as instance-level and structure-level constraint. So
rather than being orthogonal disjoint types of constraints, this taxonomy is lexible, since a particular level of
constraints can potentially impact other levels of constraints. Hence, more constraints can be formulated as a
mixture of diferent levels of constraints.

4 GENERAL OVERVIEW OF OPTIMISATION APPROACHES FOR CONSTRAINT ENFORCEMENT

In this section, we present our categorisation of approaches for learning decision trees through constraint
enforcement. This section difers from Section 3 by the fact that it presents the general optimisation approaches
of works that have been presented in the previous section. These works use either top-down greedy methods, safe
enumeration methods, linear and constraint programming approaches, discriminative and Bayesian approaches.
Table 1 provides an overview of these approaches for the diferent types of constraints.

4.1 Top-down Greedy Approaches

These methods learn trees in a top-down manner by choosing for each node the test that optimises a speciic
heuristic (generally a local heuristic, which depends on a subset of data and a subset of attributes). The majority
of previously formulated constraints can be incorporated into a heuristic to build trees greedily. They make sure
to push local decisions towards a trade-of between satisfying the stated constraints and the expected accuracy of
the tree. If they have the advantage of being fast to compute, they have the big disadvantage of providing usually
sub-optimal decision trees. Since they do not optimise directly a global objective, they are not naturally suited
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Table 1. Overview of the approaches for the diferent types of constraints. The table can be read horizontally to look for
works using a particular optimisation method or it can be read vertically to look for works that enforce a specific type of
constraints. The cells of the table indicate works given the type of constraints in the header and the optimisation method in
the table row.

Structure-level Attribute-level Instance-level

Greedy top-

down

Boz [2002]; Craven
and Shavlik [1995];
Garofalakis et al. [2000];
Quinlan and Rivest
[1989]; Wu et al. [2016];
Yang et al. [2018]; Zilke
et al. [2016]

Ben-David [1995]; Cardoso and
Sousa [2010]; Daniëls and Ve-
likova [2003]; Davis et al. [2006];
Feelders and Pardoel [2003]; Ferri
et al. [2002]; Freitas et al. [2007];
Friedman et al. [2006]; Gangrade
and Patel [2009, 2012]; Iqbal et al.
[2012]; Kamp et al. [2009]; Kruegel
and Toth [2003]; Li et al. [2020a,b,
2015]; Ling et al. [2004]; Liu et al.
[2009]; López-Vallverdú et al.
[2012, 2007]; Matwin et al. [2005];
Nanfack et al. [2021a]; Norton
[1989]; Núñez [1991]; Pazzani
et al. [1994]; Potharst and Feelders
[2002]; Sweeney [2002]; Tan [1993];
Teng and Du [2007]; Vaidya et al.
[2008]; Wang et al. [2018]; Zaman
et al. [2016]

Calzavara et al.
[2019, 2020];
Chen et al. [2019];
Gehrke et al.
[1999]; Kamiran
et al. [2010]; Raf
et al. [2018]; Sethi
and Sarvarayudu
[1982]; Struyf and
Džeroski [2007]

Safe enu-

meration

methods

Auer et al. [1995]; Ben-
nett and Blue [1996];
Fromont et al. [2007];
Garofalakis et al. [2003];
Hu et al. [2019]; Ko-
cev et al. [2007]; Lin
et al. [2020]; Struyf and
Džeroski [2006]; Tjortjis
and Keane [2002]; Tzi-
rakis and Tjortjis [2017]

Esmeir and Markovitch [2004,
2006]; Estruch et al. [2002]; Krę-
towski and Grześ [2006]; Madzarov
et al. [2009]; Omielan and Vadera
[2012]; Turney [1995]

Gehrke et al.
[1999]; Nijssen
and Fromont
[2007, 2010]

Linear,

SAT and

constraint

program-

ming

Aghaei et al. [2019,
2021]; Avellaneda [2020];
Bertsimas and Dunn
[2017]; Bessiere et al.
[2009]; Firat et al. [2020];
Heidenberger [1996]; Hu
et al. [2020]; Menickelly
et al. [2016]; Narodytska
et al. [2018]; Verhaeghe
et al. [2019]; Verwer and
Zhang [2017, 2019]

Aghaei et al. [2019]; Bennett and
Mangasarian [1992]

[Bertsimas and
Dunn 2017;
Verhaeghe et al.
2019]

Discriminative

and

Bayesian

learning

[Angelopoulos and
Cussens 2005a,b; Bun-
tine 1992; Chipman et al.
1998; Denison et al. 1998;
Nijssen 2008; Nuti et al.
2019; Schetinin et al.
2007; Wu et al. 2007]

Angelopoulos and Cussens
[2005a,b]

Angelopoulos
and Cussens
[2005a,b]; Bun-
tine [1992];
Chipman et al.
[1998]; Denison
et al. [1998]; Nuti
et al. [2019]
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for global constraints (for example, the size of the tree, monotonicity constraints for monotone datasets). This
is why post-strategies such as pruning methods are often applied to make sure that the global constraints are
satisied even when these constraints can be integrated into the heuristic [Choi et al. 2016; Garofalakis et al. 2003;
Kamiran et al. 2010]. For structure-level constraints, this type of method is generally an extension of pruning
methods. Top-down greedy algorithms that integrate structure-level constraints include Boz [2002]; Craven and
Shavlik [1995]; Garofalakis et al. [2000]; Quinlan and Rivest [1989]; Wu et al. [2016]; Zilke et al. [2016]. Few
works handle structure-level constraints with top-down greedy approaches, as they are naturally designed to
learn the most accurate trees even if the resulting trees can be large. For such methods that rely on top-down
greedy approaches, they try irst to guarantee a level of accuracy by learning possible large trees and, second, to
enforce structure-level constraints using a (post) pruning strategy. This explains why they can be seen as pruning
methods.

To enforce attribute-level constraints, top-down greedy algorithms are very popular for two reasons. First, the
main algorithm is generic enough to be easily customisable. Second, in real-world applications, domain experts
provide domain knowledge than can be transposed to attribute-level constraints. Then practitioners can easily
develop models that comply with domain knowledge. Works in this sense include Ben-David [1995]; Cardoso
and Sousa [2010]; Daniëls and Velikova [2003]; Davis et al. [2006]; Feelders and Pardoel [2003]; Ferri et al. [2002];
Freitas et al. [2007]; Iqbal et al. [2012]; Kruegel and Toth [2003]; Li et al. [2015]; Ling et al. [2004]; López-Vallverdú
et al. [2012, 2007]; Norton [1989]; Núñez [1991]; Pazzani et al. [1994]; Potharst and Feelders [2002]; Tan [1993];
Wang et al. [2018].

The studied top-down greedy methods can also integrate instance-level constraints, as in the work of Chen
et al. [2019]; Gehrke et al. [1999]; Kamiran et al. [2010]; Raf et al. [2018]; Sethi and Sarvarayudu [1982]; Struyf
and Džeroski [2007], although the studies in instance-level constraints on decision trees are relatively limited.

4.2 Safe Enumeration Approaches

Apart from greedy algorithms, diverse works try to enumerate the possibilities of choosing splits through
careful directives with respect to the constraints, while simultaneously proposing mechanisms to break the
complexity. Beyond the brute force method, methods exist to choose the best split criterion randomly according
to a minimum/maximum number of possibilities. Even though these methods have the advantage of leaving
the greedy direction, a major drawback is the diiculty of easily incorporate constraints. Also, a thorough and
practical study must be done to break the complexity of the proposed learning algorithm. Works tailored in this
approach include Auer et al. [1995]; Bennett and Blue [1996]; Fromont et al. [2007]; Garofalakis et al. [2003];
Kocev et al. [2007]; Tjortjis and Keane [2002]; Tzirakis and Tjortjis [2017], Esmeir and Markovitch [2004, 2006];
Estruch et al. [2002]; Krętowski and Grześ [2006]; Madzarov et al. [2009]; Omielan and Vadera [2012]; Turney
[1995] and Gehrke et al. [1999]. Works using this approach [Fromont et al. 2007; Nijssen and Fromont 2007]
can sometimes guarantee the optimality of decision trees with restrictive assumptions on the search space (for
instance the binarity of the tree, the number of constraints, the size of the dataset).

4.3 Linear, SAT and Constraint Programming Approaches

The combinatorial nature of the search space and the logical constraints that can be imposed on the decision
trees are highly related to constraint satisfaction problem (CSP) or linear programming problems or SAT as well.
In contrast to top-down greedy and safe enumeration methods, these approaches formalise the problems in an
adequate form (e.g., linear, SAT, MaxSAT or CP) so that it can be optimised by an appropriate solver.

At irst glance, this method would provide optimal guarantees. In fact, formulating the tree learning problem in
terms of global optimisation makes it possible to focus more on the modelling than on the algorithm. This is very
suitable for providing mathematical guarantees such as fairness [Aghaei et al. 2019]. Also, it allows an easy way
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to integrate constraints as regularisation terms, even for structure-level constraints [Bertsimas and Dunn 2017].
However, optimality is usually not attained, as most works require acceptable initial solutions and the majority
of CSP, ILP and MIP problems are NP-complete, even with restrictive assumptions. Thus, the scalability of the
problem and the sub-optimal solutions with time limits remain problematic. Related works include Aghaei et al.
[2019]; Bertsimas and Dunn [2017]; Bessiere et al. [2009]; Firat et al. [2020]; Heidenberger [1996]; Menickelly
et al. [2016]; Narodytska et al. [2018]; Verwer and Zhang [2017, 2019] and Bennett and Blue [1996].

4.4 Discriminative and Bayesian Learning

Bayesianmethods give a probabilistic formulation of the problem. They are eicient to integrate several constraints
with priors. Few works on this approach exist because the choice of the prior and computing the posterior are
still open problems. Works that propose priors and approximations of the posterior include Buntine [1992];
Chipman et al. [1998]; Denison et al. [1998]; Nijssen [2008]; Nuti et al. [2019]; Schetinin et al. [2007]. The Bayesian
formulation has the advantage to integrate constraints with a clear and rigorous mathematical way through
priors. Using also a probabilistic formulation, discriminative learning transforms the non-parametric problem
into a parametric one, and the combinatorial space into a real space, to learn trees with standard gradient descent
optimisation. However, inding such transformation can be diicult and the learned tree may lose interpretability
since the gradient descent optimisation aims for high accuracy, resulting in potentially complex trees. Norouzi
et al. [2015] is an example of learning multivariate decision trees subject to structure-level constraints with
gradient descent.

4.5 Summary About Categorisation of Approaches

To summarise, we have identiied several optimisation methods which we categorised in top-down greedy
induction, safe enumeration approaches, mixed integer programming, Bayesian and gradient-based approaches
(see Table 1 for a global summary). Due to their low computational cost, historical developments in early methods
such as CART and C4.5 and their ease of implementation and modiication, greedy top-downmethods are the most
studied. The underlying top-down induction algorithm remains similar in structure and is easy to understand, yet
it may provides sub-optimal solutions due to its greedy nature. On the other hand, safe enumeration methods are
computationally costly but are likely to produce more accurate decision trees. However, inding a solution with
safe enumeration may be diicult because diferent constraints have to be simultaneously satisied, making the
search more complex. Bayesian approaches are challenging because priors must be carefully designed to soundly
enforce constraints. They are also rather expensive due to the use of sampling strategies. Finally, CP/SAT/MIP
models ofer an alternative to mathematically specify constraints. If decision trees are part of a bigger problem of
a decision system that need to impose some constraints, these additional constraints only need to be formulated in
the SAT/CP/MIP modelling framework in order to learn trees that are consistent with those constraints by design.
However, these CP/SAT/MIP methods are expensive to use and often require to be initialised with satisfactory
solutions.
In summary, this survey shows that there is no one-size-its-all solution to the problem of learning decision

trees with user and domain knowledge constraints. Depending on the characteristics of the dataset itself, the
type and number of constraints, the acceptable discrepancy in accuracy and the available computational time,
one method will be preferred to the others. The high computational cost of non-greedy methods explains their
infrequent use (until recently).
Table 1 conirms that top-down greedy algorithms have been largely studied. Many works have proposed to

improve them, which is natural since they were prominent in both the literature and practical applications and
they were easier to modify and to implement than their computational costly competitors. This has to be put
in perspective of recent works that are focusing on linear and constraint programming approaches thanks to
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eicient implementation supported by faster computations. We expect this trend to only increase in the future,
leading to new developments.

5 LIBRARIES AND PACKAGES FOR LEARNING DECISION TREES UNDER CONSTRAINTS

This sections briely presents packages and source code of methods to learn constrained decision trees. It aims at
helping readers and practitioners by showing a panel of libraries and packages, as well as their related references
and papers or repositories permitting to download the tools. The reported packages and implementations are a
representative sample as they cover structure-level, attribute-level, and instance-level constraints. Most of these
packages are implemented in Python or have a Python wrapper which makes them easy to use. However, we
notice that each paper has produced its own library or package. To the best of our knowledge, we do not know
any libraries or packages that would embed several works (either gathering diferent methods or that would
implement a method in diferent ways) into the same artefact to make reproduction, adaptation, or comparison
easier. Table 2 presents on the irst column a list of methods whose implementations are currently accessible (via
the second column) at the time of writing this document.

Table 2. Available librairies and packages for learning decision trees under constraints.

Methods Library/Package

Garofalakis et al. [2003] DecisionConstraints [Roşca 2019]
Wu et al. [2016] Scikit-learn [Buitinck et al. 2013], Weka [Hall et al. 2009]

Hu et al. [2012]; Marsala and Petturiti [2015] MonDT [González 2019]
Chen et al. [2019] RobustTrees [Chen 2019]

Kocev et al. [2007]; Struyf and Džeroski [2007] Clus [Struyf et al. 2017]
Bertsimas and Dunn [2017] Pyoptree [Pan 2019]

Angelopoulos and Cussens [2005a,b] Bims [Angelopoulos and Cussens 2016]
Nuti et al. [2019] Bayesian_tree [Murray and Thommen 2019]
Aglin et al. [2020a] PyDL8.5 [Aglin et al. 2020b]

Verhaeghe et al. [2019] https://bitbucket.org/helene_verhaeghe/classiicationtree
Verwer and Zhang [2019] https://github.com/SiccoVerwer/binoct

Avellaneda [2020] https://github.com/FlorentAvellaneda/InferDT
Aghaei et al. [2021] https://github.com/pashew94/StrongTree
Hu et al. [2020] https://gepgitlab.laas.fr/hhu/maxsat-decision-trees

Calzavara et al. [2020] https://github.com/gtolomei/treant
Hu et al. [2019] https://github.com/xiyanghu/OSDT
Lin et al. [2020] https://github.com/Jimmy-Lin/GeneralizedOptimalSparseDecisionTrees

6 DISCUSSION

This survey reviewed how constraints can be deined and applied to decision trees, to make them safer, more
accurate, more understandable, more robust, or more trustworthy. This section provides a discussion on learning
decision trees through constraint enforcement. Speciically, we express the diiculty of traditional algorithms
to enforce constraints on decision trees. The optimality and interpretability of learned decision trees under
constraints are also discussed. Finally, we mention what could be future research directions in this ield.

6.1 On the Weaknesses of Standard Top-down Induction Algorithms to Constrain Decision Trees

First of all, it is important to note that pruning techniques rarely produce more interpretable decision trees, even
though they can reduce the complexity of the tree. In fact, pruning methods do not discover richer trees than
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traditional top-down greedy algorithms. In other words, pruned greedy top-down trees are unnatural and it is
possible to ind smaller and better (in terms of accuracy and interpretability) trees, even manually [Piltaver et al.
2016]. Secondly, according to what has been shown in Section 3, with traditional algorithms, there is a need
to adapt each constraint to a new speciic heuristic: for example, ranked version of information gain [Hu et al.
2012, 2010] for monotonicity constraint, information gain sensitivity for fairness [Kamiran et al. 2010] and so on.
This is relatively ineicient when many constraints or properties must be guaranteed. Thus, further studies are
required to propose lexible impurity measures that can integrate constraints more easily.

Table 3. A benchmark for depth-constrained decision tree learners. Maximum depth is set to 3. Train and test columns
indicate respectively the mean of training and testing accuracy over 5 independent runs whereas ctime columns refer to the
computational time (in seconds). CART and BinOCT are run with continuous features while others require binarisation of
continuous features.

Top-down greedy MIP SAT CP Safe enumeration
CART BinOCT OST MaxSAT_DT [Verhaeghe et al. 2019] DL8.5 OSDT

[Breiman et al. 1984] [Verwer and Zhang 2019] [Aghaei et al. 2021] [Hu et al. 2020] [Aglin et al. 2020a] [Hu et al. 2019]
Dataset train test ctime train test ctime train test ctime train test ctime train test ctime train test ctime train test ctime

Balance S. 70.51 66.24 0.0 74.36 68.79 600.0 – – – – – – – – – 75.00 69.94 0.0 – – –
Banknote A. 94.38 93.82 0.0 97.47 96.15 600.0 93.25 93.08 36.0 93.37 92.54 18.0 93.37 92.54 0.0 93.37 92.54 0.0 93.37 92.59 14.0
Biodeg 83.92 78.03 0.0 82.76 79.85 600.0 79.58 76.04 604.0 82.02 79.17 599.0 83.54 80.08 2.0 83.54 80.08 1.0 82.23 80.53 128.0
Car 80.61 80.40 0.0 80.94 79.21 600.0 – – – – – – – – – 81.57 79.82 0.0 – – –
Credit A. 87.28 84.89 0.0 88.63 85.24 600.0 86.71 85.67 602.0 89.20 85.49 598.0 89.61 86.10 1.0 89.57 85.74 0.0 86.71 85.37 0.0
Hepatitis 91.48 83.76 0.0 92.59 80.51 600.0 82.54 82.69 521.0 91.03 81.54 599.0 91.55 82.05 1.0 91.38 81.54 0.0 79.31 79.49 0.0
Ionosphere 93.03 88.89 0.0 93.00 87.95 600.0 87.55 83.24 602.0 91.56 86.82 598.0 93.16 89.32 6.0 93.08 88.64 2.0 82.66 77.73 29.0
Iris 97.22 95.61 0.0 92.86 88.95 110.0 – – – – – – – – – 98.22 93.68 1.0 – – –
Mammo. M. 84.87 83.23 0.0 85.34 83.85 600.0 84.45 83.65 602.0 85.31 83.65 599.0 85.31 83.56 1.0 85.27 83.46 0.0 84.21 82.79 9.0
Monk1 78.18 81.14 0.0 90.22 86.33 524.0 90.41 85.07 186.0 90.46 85.32 5.0 90.46 85.18 0.0 90.46 85.18 0.0 90.46 85.18 128.0
Monk2 66.12 63.50 0.0 68.04 59.34 600.0 65.78 65.56 601.0 68.27 59.34 600.0 68.62 57.75 0.0 68.40 58.67 0.0 65.78 65.56 0.0
Monk3 98.85 99.12 0.0 98.89 98.99 83.0 98.23 97.60 27.0 98.89 98.99 1.0 98.89 98.99 0.0 98.89 98.99 0.0 97.16 96.12 0.0
Pima I. D. 79.21 72.69 0.0 80.45 73.44 600.0 77.03 74.13 601.0 78.06 71.56 599.0 78.33 70.52 0.0 78.33 70.52 0.0 76.70 74.58 128.0
Post O. P. 76.24 71.21 0.0 81.54 72.73 600.0 – – – – – – – – – 84.92 66.36 0.0 – – –
Seismic 93.52 93.14 0.0 93.73 93.16 600.0 93.41 93.45 604.0 93.47 93.22 600.0 93.47 93.28 0.0 93.47 93.19 0.0 93.42 93.44 0.0
Spambase 89.04 87.63 0.0 85.54 85.09 601.0 83.76 83.67 607.0 83.77 83.30 600.0 84.22 83.75 0.0 84.22 83.76 0.0 84.22 83.84 128.0
Spect H. 81.33 75.46 0.0 82.10 77.91 600.0 81.67 75.62 29.0 82.20 75.52 255.0 82.20 79.10 0.0 82.20 79.10 0.0 80.80 77.01 128.0
Thoracy S. 87.25 83.24 0.0 87.61 82.20 600.0 85.23 84.75 601.0 87.90 81.86 599.0 88.12 81.86 1.0 88.01 80.85 0.0 85.23 84.75 0.0
Tic T. T. 75.91 72.92 0.0 77.19 71.67 600.0 75.49 73.06 602.0 76.99 73.92 599.0 78.80 73.17 1.0 78.50 73.33 0.0 77.52 74.17 128.0
Wine 99.33 93.09 0.0 99.85 91.56 381.0 – – – – – – – – – 97.89 92.44 0.0 – – –

6.2 On the Optimality of the Learned Decision Trees under Constraints

Before discussing optimality of existing techniques, it may also be relevant to look back at their history. Regarding
the techniques proposed by the literature and by looking at Table 1, we can note that the earliest methods [Quinlan
and Rivest 1989; Núñez 1991; Garofalakis et al. 2000; Potharst and Feelders 2002] with constraint enforcement
are top-down. A reason could be the fact that this period was extremely dominated by the greedy heuristic
search for combinatorial problems. Bayesian [Buntine 1992; Chipman et al. 1998; Denison et al. 1998] and MIP
methods Heidenberger [1996] also appeared early. Due to their computational cost, these methods have been less
used than greedy methods. However, nowadays, the computing capabilities of machines and the eiciency of
solvers have highly increased and methods that were deemed as ineicient because of their computation cost are
now re-emerging. This is the case for MIP and Bayesian methods. By nature, greedy algorithms can rarely lead
to optimal decision trees given a particular set of constraints. If correctly modelled, MIP/CP/SAT approaches
produce optimal decision trees given enough time. However, from what have been seen for current methods,
there is still room for improvement in the modelling, since the majority of current CP/SAT methods require
binary features and are limited to binary classiication whereas current MIP methods (such as Bertsimas and
Dunn [2017]; Verwer and Zhang [2019]) make use of starting solutions to speed up the search. Added with the
scalability problem, these issues remain current limitations of MIP/CP/SAT approaches.
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Table 4. A benchmark for depth-constrained decision tree learners. Maximum depth is set to 4. Train and test columns
indicate respectively the mean of training and testing accuracy over 5 independent runs whereas ctime columns refer to the
computational time (in seconds). CART and BinOCT are run with continuous features while others require binarisation of
continuous features.

Top-down greedy MIP SAT CP Safe enumeration
CART BinOCT OST MaxSAT_DT Verhaeghe et al. [2019] DL8.5 OSDT

[Breiman et al. 1984] [Verwer and Zhang 2019] [Aghaei et al. 2021] [Hu et al. 2020] [Aglin et al. 2020a] [Hu et al. 2019]
Dataset train test ctime train test ctime train test ctime train test ctime train test ctime train test ctime train test ctime

Balance S. 72.86 67.07 0.0 77.39 70.83 600.0 – – – – – – – – – 79.06 72.49 0.0 – – –
Banknote A. 97.24 95.92 0.0 97.71 96.73 600.0 93.37 93.29 603.0 94.81 94.40 599.0 94.83 94.52 1.0 94.83 94.58 0.0 93.99 93.24 10.0
Biodeg 87.16 78.07 0.0 82.17 78.33 601.0 81.07 77.08 608.0 84.02 79.17 598.0 87.03 80.45 171.0 86.78 80.38 26.0 82.28 78.79 10.0
Car 81.23 80.38 0.0 83.02 82.18 600.0 – – – – – – – – – 84.55 82.82 0.0 – – –
Credit A. 90.14 85.03 0.0 89.12 84.88 600.0 87.58 85.67 604.0 89.98 85.00 598.0 91.86 85.12 42.0 91.74 85.25 6.0 89.86 85.73 10.0
Hepatitis 94.54 84.33 0.0 96.90 79.49 600.0 82.54 85.26 601.0 95.86 78.97 598.0 97.76 78.46 4.0 97.76 78.46 1.0 79.31 79.49 0.0
Ionosphere 95.31 88.89 0.0 94.75 89.32 600.0 89.45 85.23 604.0 92.24 85.91 597.0 97.26 84.32 549.0 97.26 84.32 44.0 82.66 77.73 3.0
Iris 99.01 95.61 0.0 100.00 94.74 9.0 – – – – – – – – – 98.39 93.68 0.0 – – –
Mammo. M. 85.41 82.80 0.0 85.98 82.60 600.0 84.53 83.65 603.0 85.88 82.98 598.0 86.43 82.60 2.0 86.40 82.60 0.0 84.50 82.60 10.0
Monk1 84.01 83.29 0.0 100.00 100.00 62.0 100.00 100.00 169.0 100.00 100.00 0.0 100.00 100.00 0.0 100.00 100.00 0.0 100.00 100.00 0.0
Monk2 68.59 64.97 0.0 71.51 57.35 600.0 65.78 65.56 602.0 69.69 61.72 599.0 72.71 57.75 1.0 72.58 58.15 0.0 65.78 65.56 0.0
Monk3 98.85 99.12 0.0 98.89 98.99 600.0 98.37 98.02 64.0 98.94 98.56 488.0 98.94 98.56 1.0 98.94 98.56 0.0 97.16 96.12 0.0
Pima I. D. 81.48 71.47 0.0 79.97 71.77 600.0 76.87 74.09 603.0 78.92 71.46 599.0 81.11 69.27 5.0 80.97 70.52 1.0 76.70 74.58 10.0
Post O. P. 79.32 70.20 0.0 85.23 64.55 600.0 – – – – – – – – – 91.69 65.45 0.0 – – –
Seismic 93.95 92.71 0.0 93.78 93.25 600.0 93.41 93.46 608.0 93.55 93.07 599.0 93.57 93.13 2.0 93.57 93.06 0.0 93.42 93.44 0.0
Spambase 91.16 89.75 0.0 81.50 81.48 603.0 84.58 83.91 613.0 84.28 83.20 599.0 85.50 84.40 2.0 85.50 84.40 0.0 81.83 81.22 10.0
Spect H. 83.78 77.11 0.0 85.70 79.40 600.0 81.12 76.49 195.0 86.20 77.01 599.0 86.90 77.01 3.0 86.90 77.01 0.0 84.20 76.72 10.0
Thoracy S. 88.45 82.86 0.0 88.69 80.68 600.0 85.23 84.75 602.0 89.15 81.02 598.0 90.28 80.68 8.0 90.17 80.17 1.0 85.23 84.75 0.0
Tic T. T. 83.70 82.31 0.0 82.28 79.00 600.0 80.22 76.98 604.0 81.50 76.75 598.0 87.05 80.83 7.0 86.69 81.25 1.0 81.62 78.17 10.0
Wine 100.00 92.10 0.0 100.00 88.89 178.0 – – – – – – – – – 100.00 89.33 0.0 – – –

Table 3 and 4 show a benchmark of extensive experiments that we performed on current state-of-sthe-art
depth-constrained2 decision tree methods. We reported training, testing (75-25 train-test split percentage) and
computational time over ive independent runs (with 10 minutes as time limit for each run to prevent unlimited
computations, in accordance with Verwer and Zhang [2019]). Cells of the table marked with ’−−’ correspond to
methods that do not work with multi-class classiication. Methods are evaluated on well-known datasets (listed
on the irst column of the tables) from the UCI [Dua and Graf 2017] repository. Except CART and BinOCT
(which are used with continuous features), all these methods have the strong requirement to work only with
binary features, thus continuous features have to be discretised3 [Hu et al. 2020; Verhaeghe et al. 2019]. It can
be seen that the old top-down greedy CART method is still competitive in terms of predictive accuracy over
MIP/SAT/CP and safe enumeration methods. However, regarding the training performance, it usually fails to
provide optimal or near-to-optimal solutions, unlike MIP/SAT/CP and safe enumeration methods. It is also
surprising that the performance improvement of MIP/SAT/CP and safe enumeration methods do not necessarily
lead to good generalisation yet having a depth constraint, which is supposed to reduce the generalisation gap.
This suggest that more inductive biases should be proposed on these methods in order to more reduce this even
more generalisation gap.

Regarding the computational time, it appears from the table that MIP and MaxSAT require more time to ind
(optimal) solutions (or at least to prove optimality) compared to CP, safe enumeration and greedy methods. Indeed,
CART uses a heuristic and its implementation in Scikit-learn is highly optimised with system calls using the C
language. Regarding safe enumeration methods, it use highly optimised C libraries too. Therefore, it remains
unclear whether this improvement of computational time comes from this use of C libraries or from a reduction
of theoretical complexity. Therefore, we highlight that future work should be done in order to fairly analyse
computational time in the lens of theoretical complexity evaluation, which is currently lacking in some extends.

2Without a constraint on the minimum number of instances on leaves
3We used the KBinsDiscretizer from the Scikit-learn library, with 3 Bins.
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Table 5. Methods, their number of variables and their number of constraints. N is the number of instances of the dataset, M
is the number of features, Tall is the total number of splits and Tmax is the number of maximum split per feature in Verwer
and Zhang [2019]. S is the number of nodes or the size of the tree, K is its depth, L is its number of leaves. Only the work in
the last row tries to incorporate a novel constraints while the rest of works aim to make accelerate the learning.

Methods Number of variables/literals Number of constraints/clauses

Bessiere et al. [2009] O
(

S ×M
)

O
(

M × S2 × N 2
+ S ×M2

+M × S3
)

Narodytska et al. [2018] O
(

S2 +M × S
)

O
(

M × S2 +M × N × S
)

Avellaneda [2020] O
(

2K (M + N +C )
)

O
(

2K (M2
+ N ×M +C

)

Bertsimas and Dunn [2017] O
(

2K (M + N +C )
)

O
(

2K (C + N × K +M )
)

Verwer and Zhang [2019] O
(

2K (M +C + log(Tmax)
)

O
(

N + 2K (M ×Tall +C )
)

Aghaei et al. [2021] O
(

2K (N +M )
)

O
(

2K (N +M )
)

Aghaei et al. [2019] O
(

L(M × S + N )
)

O
(

L(L × N +M × S )
)

6.3 On the Complexity of SAT/CP/MIP Formulations of the Optimal Decision Trees

Although being theoretically hard (NP-hard), the optimal decision tree problem under structure-level constraints
is attracting researchers. Indeed, several works have been proposed as explained in Section 3.1 and work well in
practice with a limited budget of computational time (usually minutes or hours). Table 5 compares several of
these methods in terms of their number of variables/literals and number of constraints/clauses (that we have
counted if they were not mentioned in the paper). The number of variables and number of constraints serve as a
heuristic to assess which method is more attractive in terms of practical computational time and therefore time
and space complexity. Among others, the formulation of Aghaei et al. [2019] on the last row of the table is the
only method, among SAT/CP/MIP formulations, whose goal is not to speed up computational time, but rather
to leverage global optimisation to enforce the fairness constraint. All other methods usually aim to speed up
optimisation when learning optimal decision trees under structure-level constraints. The irst three works are
SAT-based methods. From the irst row to the third, the number of literals or constraints is enhanced in order to
improve computational time. This can also be noted for other methods. For example, the BinOCT formulation of
Verwer and Zhang [2017] is an improved MIP version of the OCT formulation [Bertsimas and Dunn 2017] where
the number of variables does not depend on the dataset size N .

As mentioned above, the number of variables and constraints are used here as simple heuristics to characterise
the diiculty and scalability of a particular method. Therefore, future studies should be done in order to access
whether this reduction in the number of variables and constraints of these methods leads to an improved
computational complexity. This issue is also an open problem for safe enumeration methods. Among these
methods only [Auer et al. 1995] accompanied their T2 algorithm with a polynomial time complexity for the
class of decision tree of depth at most 2. Hence, in the future, newly proposed methods should also discuss their
computational complexity rather than just comparing number of variables/constraints or reporting only the
empirical computational time.

6.4 On the Interpretability, Trustworthiness and Robustness of Decision Trees

According to what has been related previously in the literature (e.g, Bertsimas and Dunn [2017]; Verwer and Zhang
[2017] in Section 3.1), the question of interpretability is generally related to the complexity of the decision tree.
Thus, when authors talk about forcing trees to be more interpretable and easier to understand, they commonly
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think about reducing complexity, i.e., structure-level constraints [Bertsimas and Dunn 2017; Verwer and Zhang
2017, 2019]. However, decision trees that are learned with a maximal depth of two can be too simple in certain
contexts, such as in the medical domain. That is to say, domain experts or users will not trust the learned tree
since its decision rule is too simple [Freitas 2014]. Therefore, this conducts to a loss of interpretability because the
domain expert will consider "an incompleteness criterion of models" [Guidotti et al. 2018]. Thus, similarly to the
fact that increasing the size, depth and number of leaf nodes of decision trees may lead to a loss of interpretability,
decision trees with a very small size and depth, even accurate, are likely to not be accepted because of their
"over-simplistic explanations" [Freitas 2014].

Hence, trustworthy decision trees with domain knowledge constraints and user-deined constraints are needed
to increase the level of interpretability of the decision tree. Despite the work of López-Vallverdú et al. [2012, 2007];
Núñez [1991] to learn more comprehensible and trustworthy decision trees, this direction is not yet suiciently
studied in the literature. In fact, further away than domain knowledge constraints, trustworthy decision trees
also include decision trees with ethical guarantees like the fairness constraint. More work needs to be done on
that topic. Furthermore, beyond complexity, there is a large gap in the general direction of the possibility to
impose multiple constraints, although Aghaei et al. [2019] and Nanfack et al. [2021a] recently showed how to
learn (optimal) decision tree under fairness constraints.
Robustness is another particular issue in machine learning and thus in decision trees. Recent challenges in

machine learning have shown a stream of interest in making machine learning classiiers robust to adversarial
examples. Although this is very frequent in deep learning, it has also been shown that those adversarial examples
can be transferred to any classiier and thus to a decision tree [Papernot et al. 2016]. Furthermore, because
adversarial examples can be generated via constraints [Biggio and Roli 2018; Kantchelian et al. 2016], improving
the robustness of classiiers can also be done via constraint enforcement [Bastani et al. 2016]. And yet, there are
only very few works, if not only one [Chen et al. 2019], on constraining the decision tree to be more robust to
particular attacks of adversarial examples.

6.5 On the Usefulness of Constraint Enforcement for Approximating Black-box Machine Learning
Algorithms

Several works presented in Section 3.1.1 get beneit from constraint enforcement to approximate and explain a
black-box machine learning algorithm. In fact, explaining black-box machine learning is (obviously) necessary
from an ethical perspective and for preventing a "black-box society" [Guidotti et al. 2018; Pasquale 2015] guided
by senseless decisions of algorithms. Additionally, it would be useless to learn a decision tree that is diicult
to understand if its purpose is to explain a black-box model. Works like Boz [2002]; Craven and Shavlik [1995];
Yang et al. [2018]; Zilke et al. [2016] have been proposed to explain black-box models. They can guarantee clear
explanations by constraining the tree to be small and shallow. Of course, constraining the size of trees can
afect the level of comprehensibility of the decision tree for experts helping them to understand how the initial
model works. However, restraining too much the size of the trees may have consequences on their prediction
performances thus being so diferent from the initial model that they would become useless. It is, therefore,
necessary to ind a good balance between the tasks of providing clear explanations and getting closer to the
initial model. In this direction, there is still a signiicant gap in the literature to provide theoretical guarantees on
the idelity of the interpretation of the model explanations.

6.6 Future Prospects

In addition to previously mentioned gaps and research directions that need to be explored, this section presents
other relevant future directions where research should be conducted.
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6.6.1 Tree Balance Constraint, Interpretability of Decision Trees. Regarding structure-level constraints, several
open issues are identiied. The irst issue is related to the capability to impose the balance constraint on the
structure of the decision tree. The second one targets the trade-of between the small size, the depth or the number
of leaf nodes in the tree and the question of the degree of interpretability of the decision tree. In fact, forcing the
smallness/sparsity of a tree can improve its interpretability, but when it becomes too small, even remaining very
accurate, its interpretability can decrease, since learned rules may become unreliable w.r.t. the domain expertise.
Third, it is important to look for lexible optimal decision tree formulations with fewer restrictions (categorical
variables as well as real variables, binary as well as non-binary trees, classiication as well as regression trees)
and that require less computation time. Therefore, a good modelling for interpretable decision trees should be
much more lexible in terms of binarity, type of variables, tasks, depth, size, number of leaf nodes in order to be
closer to the speciications of the user and the domain experts.

6.6.2 Experimental Setings. Regarding attribute-level and instance-level constraints, experimental evaluations
are relatively limited because there do not exist enough datasets that provide domain knowledge as constraints,
except for attribute costs (as mentioned in Section 3.2.6). Hence, more datasets should be proposed to benchmark
algorithms.

6.6.3 Flexible Impurity Measures. In real-world applications, top-down greedy algorithms are frequently used
but we have previously mentioned the limitations of such approaches (see Section 4.1). In fact, the well-known
impurity measures that are based on entropy and the Gini index do not easily integrate constraints. Even if
pruning methods attempt to make the learned tree to satisfy the constraints, the inal tree may seriously lose
its performance. Therefore, more lexible heuristics that make it easier to incorporate constraints should be
proposed.

6.6.4 Domain Knowledge Constraints (feature and instance-level) for Constraint Programming and Bayesian

Formulations. Table 1 shows that few works have used probabilistic formulations to enforce attribute and
instance-level constraints, which is still an open issue. Yet, Bayesian formulations have the advantage of learning
decision trees with a global objective or, in certain cases, a global heuristic. This would allow to soundly express
global constraints such as instance-level constraints. In Bayesian methods, one can enforce constraints in a
clear mathematical way through priors. In this direction, Angelopoulos and Cussens [2005a] use informative
priors to allow "box" constraints (which can be seen as rules constraints in attribute-level). Their formulation
performs well on a Bayesian predictive model with an ensemble of trees, not for a single tree. However, Nijssen
[2008] makes it possible to learn a single accurate tree with his Bayesian formulation, but without investigating
how to integrate informative priors. Further studies should be done in order to allow informative priors with
domain knowledge constraints, such as rules in the Bayesian formulations, in order to learn a single accurate and
trustworthy decision tree.

Beyond Bayesian formulations, linear and constraint programming formulations are also used to learn decision
trees directly with a global objective. Thus, this approach is well suited to integrate attribute and instance-level
constraints at a global level (for instance attribute costs, hierarchy, fairness). Such constraints are not trivial
to implement with e.g., greedy methods [Struyf and Džeroski 2006]. However, the majority of the proposed
formulations have focused their attention on enforcing structure-level constraints, such as imposing the tree
to be small or shallow. Thus, more eforts should be done to propose lexible linear programming approaches,
which can integrate various types of constraints, including hierarchy and rule constraints that are important for
the trustworthiness of decision trees for critical domains.

6.6.5 Constraints for Proxy Models. In the motivational part of the survey (Section 2.2), we emphasised the
necessity to impose constraints on decision trees used as a proxy for black-box models. As a reminder, a proxy
decision tree that approximate and explain a black-box model can be too small and not being able to approximate
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the black-box model; or it can be so deep that it is not able to provide human-understandable explanations.
According to the literature that has been examined throughout this paper, it is clear that it is still an open issue
for future research because the learned trees might be unreliable and untrustworthy. Future works on decision
trees as proxy models should get beneit from constraint enforcement on decision trees in general, to ensure that
the approximating tree of a black-box model meets the same guarantees as the approximated model. In particular,
further studies should enforce fairness constraints on decision trees as a proxy if the black-box model has to
guarantee fair decisions.

7 CONCLUSION

This survey underlines the importance of constraint enforcement on decision trees, for instance to meet a speciied
level of interpretability or trustworthiness. We present a taxonomy which comprises structure-level constraints,
attribute-level constraints and instance-level constraints. Our indings reveal that a large part of methods which
enforce structure-level constraints (i.e. through the number of leaf nodes, depth and size) aim to improve the
accuracy and interpretability of decision trees. The two other levels of constraints usually aim to guarantee
that decision trees comply with the requirements of a particular domain, often provided by domain experts. For
example, it may be necessary to enforce monotonicity for the predictions with respect to some attributes. This
makes decision trees more reliable and predictions appear as more realistic and similar to those that would be
made by humans in the same context.

Historically, top-down greedy algorithms such as CART and C4.5 have been prominent in early developments
for decision tree induction. Quite naturally, they are therefore widely used to learn decision trees under constraints.
Top-down greedy induction approaches reported in this work enforce constraints by applying pruning methods
or with speciically modiied heuristics. Despite being the most popular approach, top-down greedy induction
methods usually produce sub-optimal solutions for the training performance, which is not the case of other
approaches that we have identiied. Linear programming, constraint programming and Bayesian formulations
provide optimal solutions when they are given enough time to explore solutions but they are more computationally
demanding. With recent improvements in implementations and computational power, these methods are gaining
interest. Despite being able to learn more accurate trees than their top-down greedy counterpart, they do not
necessarily easily integrate a broad class of constraints, leaving room for improvement.

We suggest that further research should be intensiied in the following areas. First, providing humanly under-
standable explanations of black-box machine learning models should be performed with theoretical guarantees
(regarding both the predictions and the constraints already satisied in the black-box model). Second, research is
also needed to study possible compatibility between diferent types of constraints. Thirdly, our study encourages
the scientiic community to propose more datasets with domain knowledge in order to systematically validate
methods without the need of experts.
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